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Abstract. The Lax representation in terms of 22 matrices is constructed for separable
multiply-periodic systems splitting on two tori. Hyperelliptic Kleinian functions and their
reduction to elliptic functions are used.

1. Introduction

Completely integrable systems with two degrees of freedom and dynamics splitting on two
tori have been largely investigated during recent years as examples of separable multiply-
periodic systems. The list of such systems includes the well known integrable cases of the
Hénon-Heiles system [1], several integrable cases of quartic potentials [2], the motion of a
particle in the Coulomb potential and in external uniform field, the Chaplygin top [3], etc. A
Lax representation for these systems can be readily constructed in terms of a direct product
of Lax operators [1], one for each splitting tori, as first proposed in [4]. This approach for

a system of two particles leads tox44 Lax representations (see e.g. [1,2]), thus making
the quantization of the above systems much more difficult to perform. In order to simplify
the quantum problem it would be more convenient to use Lax representations in terms of
2 x 2 matrices. The problem of the existence of such representations for the above systems
is still open.

The aim of the present paper is to show how to construct Lax representations in terms
of 2 x 2 matrices for dynamics splitting on two tori. The main idea is to use a hyperelliptic
curve of genus two, which is &-sheeted cover of two given elliptic curves. Such covers
are known to exist for anW > 1 and for arbitrary tori (see e.g. [5-7]). It is clear that,
if the hyperelliptic curve is associated with a Hamiltonian system for whichxa22l.ax
representation is known, one can readily construct a similar representation for the two tori
dynamics simply by using the transformation induced by the covering. To illustrate this
approach we take as a working example the integrable cases oféhenHHeiles system
[8]. The possibilities of the generalization of this approach to the system with more than
two degrees of freedom is briefly discussed at the end of the paper.

2. Reduction

Consider the hyperelliptic curv€ = (y, z) of genus two,
y2 =415+A4x4+A3x3+A2x2+A1x + Ag (1)
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with &; € C, chosen in such a way that (1) takes the form

w? =20z =Dz - )z~ Pz — ap). @
The curve (2) gives a two-sheeted covering of two tori: V = (w, z) - EL = (n+, §1),
Nt = (1 —E)(1— k260 €)
with Jacobi moduli
(Ve F V/B)?
k2 = - NI TNVNEL 4
T A-wl-p @
Equation (4) can be inverted as
R+ E (KRN
wrp=2g s W=D ©

wherek/, are additional Jacobian modutif + k2 = 1. Explicitly, the coversr.. are given
by
ZF Jof
= JA-wd-p) N 6

N+ (1 —a) ﬂ)(z — )2z —,6)2w (6)
Q-1 -p)z
(z—a)(z—B)
Let (y1, x1), (2, x2) be arbitrary points on a symmetric degréex V. The Jacobi inversion
problem is the problem of finding this point as a functioga= (11, up) from the equations

=8 = (7)

X0 w RY] w
/ adz / 2l _ ©)
X0 w RY] w
We write
X1 _ X2 —
[F e [ VB o, (10)
X0 w X0 w
/ Z+‘°"3dz+f SENB (12)
X0 w X0 w
with
us = —/(A— )AL= p)(uz F vafuy). (12)

We can reduce the hyperelliptic integrals in (10) and (11) to elliptic ones by using the
formula

L Ao he s JehE. 13)
UES w
Let us introduce the coordinates (see [9])
X1 =sn(uy, ky)sn(u_, k)
X =cn(uy, kyo)en(u_, k)
X3 =dn(u, ky)dn(u_, k) (14)
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where Su, k+), cn(u, k+), and driu, k1) denote usual Jacobi elliptic functions [10].
Applying the addition theorem for Jacobi elliptic functions,

st — 3
SNuy +up k) = — "2
s1cady — spc1dr

s1c1dp — s2¢2d1
CN(uy + up, k) = 1202 22020
s1cody — soc1dq
s1d1c2 — s2d2s1
dn(uq + up, k) = 02— 727271
Slczdz — Szcldl

wheres; = sn(u;, k), ¢; = cn(u;, k), di = dn(u;, k), i = 1,2, we can write equations (14)
in the form
Xpe o A-0@-peB+pw) (15)
(a + B)(p12 — aff) + afgp22 + P11
_ A+ ap) (@B — p12) — aBp2 — P11 (16)
(@ + B)(p12 — af) + afpo + P11
afp2 — P11 17)

X3 = .
5T (@+ B) (12 — aB) + aBgar + 11

Here g;; are Kleinian gp-functions which solve the Jacobi inversion problem and are
expressed in terms dfy;, x1), (y2, x2) as follows,

_ F(x1,x2) — 2y1y2

= —+ = — s =
§22 = X1 T X2 12 X1X2 11 4(x1 — x7)?
and
k=2
F(x1,x2) = Z X1 x5 2ok + A1 (x1 + x2)) (18)
k=0

with A’s calculated from (2). The Kleinianp-functions are known to be a natural
generalization of the Weierstrass elliptic functions and can then be expressed through the
second logarithmic derivative of the Kleinianfunction,

3%Ino ()
ij = - -a = 19 2
p](u) 3M,’8uj L
(for details see [5, 11]). The three functiops,, 12, 11 are algebraically dependent and
are coordinates for the so-called Kummer surface which is a quartic surfate ior later
convenience we remark that the formulae (15)—(17) can be inverted as

A(X2+ X3) — B(X3+1)

=(B-1 19
11 = ( ) X1+ X, 1 (19)
1+X:1—Xo
=(B-1))_—_"~"- ~° 20
12 = ( )X1+X2—1 (20)
A(X> — X3)+ B(X3—-1)
= 21
b2z X1+ Xz — 1 (1)

whereA =a + 8, B=1+ap.
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3. Lax representation

Let us consider the following equations for the four-indexed functipns
2022 = 692, + 412 + Aagoza + %)»3 (22)
1222 = 622012 — 2911 + Map12 (23)

with A3 and A4 arbitrary. The first equation, after, differentiation, is the standard KdV
equation written with respect to the functigri, while the second equation represents the
stationary flow for the two gap KdV solutiofp,,) of the third vector field of the KdV
hierarchy. As is well known, equations (22) and (23) can be written in the Lax form [12],

%:[M,L] Lz(“; _UV> M:(S é) (24)

Here we take the elements of the matriteandM to be polynomials inc of the form

U =x*— poox — p12 (25)
10U
- _= 26
28142 ( )
192U
w-—"" 41U 27
2 Bu% Q 27)
0 =x+ 202+ ;ha (28)

The discriminant curve ddt — yE) = 0 (E is the 2x 2 unit matrix) then has the form of
equation (1) withi4, A3, Ao arbitrary andi,, A1 chosen as the level set of the integrals of
motion:

—Ap = —P5y + 4p11 + Aapoz + 493, + Ap12022 + Aa; (29)
— 201 = —p200201+ 2035 — 2011922 + 3hapr2 + AP1295, + hapr2922. (30)

The following proposition represents the main result of the paper.

Proposition. Let

A(X2 — X3) + B(X3—1) X1—-Xo+1
U=x%- B-1)~—"—— 31
o X1+ X,-1 x+( )X1+X2—1 ( )
A(Xo — X3) + B(X3—1)
= 2 A+ B 32
0=x+ X i+ X, 1 + A+ (32)

where X; are the coordinates given in (14) add= o + 8, B = o + 1 are expressed in
terms of Jacobian moduki. according to (5). Then the Lax equation (24) is equivalent to
the equations for Jacobi elliptic functions,

disn(ui; ki) = \/(1 — SPP(uy; ki)(1— k3SrP(us; ki)). (33)
U+

To prove this statement one can expan@:snk..) aroundu. =0 to obtain equation (33)
from (24) with superscripts£’. We remark that a direct substitution of (19)—(21) into the
equations of motion (22) and (23) would be quite involved even for symbolic calculations
on a computer.
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4. An example: Lax representation for the integrable cases of the éhon—Heiles
system

Let us apply the above result to the integrable cases of #mhl-Heiles system (see e.g.

[8]). One of them (case (ii) in the terminology of [8]) is isomorphic to the fifth-order

stationary KdV flow, thus giving a Lax representation in terms of 2 matrices. The

other two cases—cases (i) and (ii)—are isomorphic to the fifth stationary flows of the

Sawada—Kotera and Kaup—Kuperschmidt equations, respectively. They both lead to Lax

representations in terms of>x33 matrices [8]. The 4 4 Lax representation is derived in

[1]. Let us show how to construct thex22 Lax representation for cases (i) and (iii).
Consider first the integrable case (i). The Hamiltonfdnand second integral motion

K have the form

H=1p2+1p2+q142+ L¢d +a@? + 42 (34)
K = p1p2 + 345 + 245 + 2aq14>. (35)

'[he I—!amiltonian system is separated in Cartesian coordingies—= 01+ 0, PL2 =
P, £ P, and the dynamics is splitting to two tori

P{=—30}~2a0} + 3(H + K)

P} =303 2103+ 3(H - K) (36)
where Al = P2+ 403+ 403+ 2a(02+ 02), K = P2— P2+ 403 — 403+ 2a(0% — (2).
By passing from (36) to the standard form of the elliptic curve (33) we find

ot (jé) = L(qu(t) £ 02(0) + ) (37)

with p* standard Weierstrass elliptic functions with modq'ﬁ, i = 1,2, 3 satisfying the
equations
defeyey =a®— 3(H + K) B(eye; +eres +eye3) + 3a°=0. (38)

The Lax representation (24) is then valid for the system with

¥ 2ef — 2e7 2e; — 2e5
1= -
G1tagrt+a—2e3\ qg1—qr+a—2e;

¥ G1tg2+a—2ef |g1—qo+a—2e
2= —
g1+ q2+a—2e; q1— q2 — 2e3

X fI1+612+a—2€; q1—q2+a—2e,
3= =.
Q1+42+a—2€§ q1—q2+a— 2e;

As shown in [13], the integrable case (iii) is linked to case (i) by means of a canonical
transformation. The correspondingx22 Lax representation can then be derived from the
representation of case (i) by means of this transformation.

5. Concluding remarks

In closing this paper we make the following remark. Equip the curve by the canonical
basis of cyclesA;, A, Bi, Br and normalize the holomorphic differentiale;d=
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(ci1 + zcip) dz/w(z), i = 1, 2, in such a way that the Riemann matfXxhas the following

form
Q- (9%1 dog f, dor f, dur f, dvl) - (l L le) . (39)
9§A1 dvy SEAZ dvo ~¢‘31 dvo fBz dv; 0 1 712 122
It is known (see e.g. [6, 7, 9]) that the curve (1) covarsheetedly two tori if and only
if the Riemann matrix? can be transformed by some linear transformation of the basis
cycles to the form

1
<‘L’11 N )
T = 1
~ T
N 22

where the positive integeV is also called the Picard number. The condition for the matrix
T to be transformed to the form given above is thdbelongs to the Humbert surfadéy

Hy = {at11 + Brio+ y o2+ 8(t2, — t11120) + £ = 0,
a B.v,8,e€Z, B°—day +e8) = N?.

The case considered in this paper corresponds, among the infinite transformations of
Nth order which permit one to reduce the dynamics of a two-particle system associated
with the N-sheeted covering of tori, just to the ca¥e= 2. It is clear, however, that the
above analysis can be extended to curves of high genus.

These arguments were used in [7] to describe elliptic potentials of thedd@nber
equation, which were also studied in the framework of spectral theory [14-16].

The authors are grateful to V Kuznetsov who attracted their attention to the problem
discussed. The research described in this publication was supported in part by grant
No U44000 (VZE) from the ISF and INTAS grant No 93-1324 (VZE and MS).
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